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Abstrat
We onsider a repeated quantum interation model desribing a small system
HS in interation with eah one of the idential opies of the hain
⊗
N∗
C
n+1
,
modeling a heat bath, one after another during the same short time intervals
[0, h]. We suppose that the repeated quantum interation Hamiltonian is split in
two parts: a free part and an interation part with time sale of order h. After
giving the GNS representation, we establish the onnetion between the time sale
h and the lassial low density limit. We introdue a hemial potential µ related
to the time h as follows: h2 = eβµ. We further prove that the solution of the
assoiated disrete evolution equation onverges strongly, when h tends to 0, to
the unitary solution of a quantum Langevin equation direted by Poisson proesses.
1 Introdution
In the quantum theory of open systems, two dierent approahes have usually been
onsidered by physiists as well as mathematiians: The Hamiltonian and Markovian
approahes.
The rst approah onsists in giving a full Hamiltonian desription for the intera-
tions of a quantum system with a quantum eld (reservoir, heat bath...) and studying
the ergodi properties of the assoiated dynamial system.
The seond approah onsists of giving up the idea of modeling the quantum eld
and onentrating on the eetive dynamis of the quantum system. The dynamis are
then desribed by a Lindblad generator, whih dilates a quantum Langevin equation (or
quantum stohasti dierential equation (f [P℄)).
It is worthwhile to note that the quantum Langevin equation (or Lindblad generator)
assoiated to the ombined system an be derived from its Hamiltonian desription by
the lassial weak oupling and low density limits (f [AFL℄, [APV℄, [Dav℄, [D1℄, [Pe℄...).
Reently, Attal and Pautrat desribe the interation between a quantum system and
a quantum eld by a repeated quantum interation model (f [AtP℄): The exterior system
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is modeled by an innite hain of idential opies H (H is an Hilbert spae) and the
interation is desribed as follows: The small system interats with eah one of the
idential piees of the exterior system one after another during the same time intervals
[0, h]. They prove, in the ontinuous limit (h tends to 0), that this disrete desription
of the ombined system gives rise to a quantum Langevin equation.
In [AtP℄, we observe three time sales, whih appear in a repeated quantum intera-
tion Hamiltonian H = H(h), with respetively order 1,
√
h and h.
In [AtJ℄, the authors have studied the time sale of order
√
h. They prove that,
in the ontinuous limit, we get a quantum diusion equation where new noises, alled
thermal noises, appear. This normalization is used for modeling some physial systems
(f [D1℄, [D2℄).
In this paper we prove that the time sale of order h orresponds to the low density
limit. For this purpose, we onsider a repeated interation model assoiated to a small
system HS, with Hamiltonian HS, whih interats with a hain
⊗
N∗
Cn+1 of a heat
bath, so that the Hamiltonian of eah piee of the hain is the operator HR on C
n+1
.
The assoiated repeated quantum interation Hamiltonian is dened on HS ⊗ Cn+1 by
H = HS ⊗ I + I ⊗HR + 1
h
n∑
i,j=1
Dij ⊗ aij , (1)
where the Dij are the interation operators assoiated to the small system and the a
i
j are
the disrete quantum noises in B(Cn+1), the algebra of all bounded operators on Cn+1.
The thermodynamial equilibrium state of a one opy of the atom hain is dened by
the density matrix
ρβ =
e−β(HR−µN)
Tr(e−β(HR−µN))
,
where N is the disrete number operator dened on Cn+1 and µ is a hemial potential
(µ < 0).
The length of the time interation h between the small system and eah piee of the
heat bath is supposed to be related to the hemial potential by the relation
h2 = eβµ.
Obviously, h tends to 0 if and only if µ tends to −∞.
After giving the GNS representation and taking into aount the above assumption,
we prove that in the ontinuous time limit we get a quantum stohasti dierential
equation direted by Poisson proesses.
This paper is organized as follows. In Setion 2 we introdue the disrete model whih
presents the repeated interation model desribing a small system in interation with a
heat bath. Also, we give a desription of the GNS representation of the pair (Cn+1, ρβ).
In Setion 3 we desribe the tools used to obtain the ontinuous limit: Guihardet inter-
pretation of a Fok spae, quantum noises and quantum Langevin equations. Finally, in
Setion 4 we prove that the disrete solution of the assoiated disrete evolution equa-
tion with repeated quantum interation Hamiltonian, given by (1), onverges strongly
to the unitary solution of a quantum Langevin equation. In this equation only Poisson
proesses appear in its noise part.
2
2 The disrete model
In this setion we start by desribing the disrete atom hain modeling an exterior
system (reservoir, heat bath...). We further give the repeated quantum interation
model, whih is the objet of our study. In the last part we desribe the assoiated GNS
representation.
2.1 The atom hain
Let us give a brief desription of the algebrai struture of the atom hain. We refer
the interested reader to [At2℄ for more details. Let H be a Hilbert spae, where we x
an orthonormal basis {ek, k ∈ J = I ∪ {0}}. The vetor e0 = Ω denes the vauum
state. Now, onsider the atom hain TΦ = ⊗N∗H dened with respet to the stabilizing
sequene (Ω)n∈N∗ and denote by PN∗,J the set of nite subsets {(n1, i1), ..., (nk, ik)} of
N∗ × J suh that ni 6= nj for all i 6= j. Then, an orthonormal basis of TΦ is given by
the family
{eσ, σ ∈ PN∗,J},
where eσ, σ = {(n1, i1), ..., (nk, ik)}, is the innite tensor produt of elements of the basis
{ek, k ∈ J = I ∪ {0}} suh that eim (1 ≤ m ≤ k) appears in the nim-th opy of H and
Ω appears in the other opies of H in the tensor produt ⊗N∗H.
Let {aij , i, j ∈ J} be the basis of B(H) dened by
aijek = δikej .
Denote by aij(k) the operators on TΦ, whih at as a
i
j on the k-th opy of H in the
atom hain ⊗N∗H and the identity elsewhere. The operators aij(k) are alled disrete
quantum noises and they at on elements of the basis {eσ, σ ∈ PN∗,J} as follows
aij(k)eσ = 1(k,i)∈σeσ\(k,i)∪(k,j), for all i 6= 0 and j 6= 0,
ai0(k)eσ = 1(k,i)∈σeσ\(k,i), for all i 6= 0,
a0j (k)eσ = 1{(k,i)/∈σ,∀i∈J}eσ∪(k,j), for all j 6= 0,
a00(k)eσ = 1{(k,i)/∈σ,∀i∈I}eσ.
2.2 Small system in interation with a heat bath
Now, we onsider a small system desribed by a Hilbert spae HS in interation with
a heat bath modeled by the atom hain
⊗
N∗
Cn+1, where B = {e0, e1, ..., en} is an
orthonormal basis of H = Cn+1 and e0 = Ω is the vauum state. The interation
between the two systems is desribed as follows: the small system interats with eah of
the idential opies Cn+1 of the heat bath one after another during the onseutive short
time intervals [nh, (n+ 1)h]. Therefore, the total interation between the small system
and the hain of idential piees is desribed by the Hilbert spae HS ⊗
⊗
N∗
C
n+1
.
Consider the orthonormal basis {aij, 0 ≤ i, j ≤ n} of B(Cn+1) where
aijek = δikej .
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The respetive Hamiltonians of the small system and one piee of the heat bath are
given by a self-adjoint operator HS dened on HS and the operator HR dened on Cn+1
by
HR =
n∑
i=0
γia
0
ia
i
0,
where γi are real numbers.
The full Hamiltonian of the small system interating with one piee is the self-adjoint
operator H dened on HS ⊗ Cn+1 by
H = HS ⊗ I + I ⊗HR + 1
h
n∑
i,j=1
Dij ⊗ aij , (2)
where Dij = (Dji)
∗
. Note that the operators aij desribe the transition of a non-empty
state of one piee to another non-empty state, where the total number of partiles is
preserved.
The assoiated unitary evolution during the time interval [0, h] is the operator
U = e−ihH .
Denote by C
n+1
k the k-opy of C
n+1
in the hain
⊗
N∗
Cn+1. Then we dene the
operator Uk on HS ⊗
⊗
N∗
C
n+1
by
Uk =
{
U on HS ⊗ Cn+1k
I elsewhere .
Hene, the disrete evolution equation, desribing the repeated interations of the small
system with the heat bath, is given by the sequene (Vk)k∈N in B(HS ⊗
⊗
N∗
Cn+1)
satisfying {
Vk+1 = Uk+1Vk
V0 = I.
(3)
Note that the operator U an be written as
U =
n∑
i,j=0
U ij ⊗ aij ,
where U ij are operators on HS. They are the oeients of the matrix (U ij)0≤i,j≤n of U
with respet to the basis B. Therefore, the equation (3) is written in terms of disrete
quantum noises as follows:{
Vk+1 =
∑n
i,j=0 U
i
jVka
i
j(k + 1)
V0 = I.
Next, we give the matrix representation of the operator U with respet to the basis
B, whih will be used. Set D = (Dij)1≤i,j≤n and onsider the matrix M = (Mij)1≤i,j≤n,
where Mij = δij(HS + γiI). Note that the unitary evolution U an be written as
U = e−ihH =
∑
m≥0
(−i)m
m!
hmHm.
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Moreover, HR is a diagonal operator with respet to the basis B
HR = diag (γ0, γ1, ..., γn),
and the full Hamiltonian H is given by
H =
(
HS + γ0I 0
0 M + 1
h
D
)
.
This implies that
(hH)2 =
(
O(h2) 0
0 D2 +O(h)
)
.
Furthermore, for all m ≥ 3 we get
(hH)m =
(
o(h2) 0
0 Dm +O(h)
)
.
Thus, we obtain
U =
(
I − ih(HS + γ0I) +O(h2) 0
0 I − ihM + (e−iD − I) +O(h)
)
. (4)
This gives the oeients U ij of the matrix of U with respet to the basis B with preision
O(h) and O(h2).
2.3 GNS representation
The aim of this subsetion is to desribe the GNS representation of the pair (Cn+1, ρβ),
where ρβ is the thermodynamial state at inverse temperature β ( β > 0) of one piee
of the heat bath. It is given by
ρβ =
1
Z
e−β(HR−µN),
where
- Z = Tr(e−β(HR−µN)),
- N =
∑n
j=0 j|ej〉〈ej| is the disrete number operator dened on Cn+1,
- µ is a salar, alled hemial potential.
Note that, with respet to the basis B, the density matrix ρβ has the form
ρβ = diag (β0, β1, ..., βn),
where
βj =
ejµβe−βγj
e−βγ0 + eµβe−βγ1 + ... + enµβe−βγn
, (5)
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for all j ∈ {0, 1, ..., n}.
Now, denote by H˜ = B(Cn+1), the algebra of all bounded operators on Cn+1 equipped
with the salar produt
〈A,B〉 = Tr(ρβA∗B).
Hene, the GNS representation of the pair (Cn+1, ρβ) is the triple (pi, H˜,ΩR), where
- ΩR = I,
- pi : H˜ −→ B(H˜) suh that pi(M)A = MA for all M,A ∈ H˜.
Set
U˜ = pi(U)
and denote by H˜k the k-opy of H˜ in the hain
⊗
N∗
H˜. Then, it is easy to hek
that U˜k = pi(Uk) ats as U˜ on HS ⊗ H˜k and the identity elsewhere. Moreover, if we
denote by V˜k = pi(Vk), then it is straightforward to hek that the sequene (V˜k)k∈N in
B(HS ⊗
⊗
N∗
H˜) satises the following equation:{
V˜k+1 = U˜k+1V˜k
V˜0 = I.
(6)
3 The atom eld
The spae TΦ given in subsetion 2.1 has a ontinuous version whose struture we
desribe below. We refer the interested reader to [At1℄ for more details.
In what follows, we preserve the same notations as in subsetion 2.1 and denote by
H′ the losed subspae of H generated by vetors (ei)i∈J . The symmetri Fok spae
onstruted over the Hilbert spae L2(R+,H′) is denoted by Φ = ΓS(L2(R+,H′)) with
vauum vetor Ω. The spae H′ is alled the multipliity spae and dimH′ is alled
the multipliity of the Fok spae ΓS(L
2(R+,H′)). Now, in order to justify the equality
Φ =
⊗
R+
H, we introdue the so alled Guihardet interpretation of the Fok spae Φ.
3.1 Guihardet interpretation of the Fok spae ΓS(L
2(R+,H))
Note that we have the following identiation
L2(R+,H′) = L2(R+ × J,C),
obtained by identifying a vetor f in the former spae with the funtion on R+ × J
dened by (t, j) 7→ fj(t) = 〈vj/f(t)〉. Therefore, the symmetri Fok spae is identied
to ∞⊕
k=0
L2sym((R+ × J)k,C)
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onsisting of vetors Ψ = (Ψk)k≥0 suh that Ψk ∈ L2sym((R+ × J)k,C) and
‖Ψ‖2Γs(L2(R+,H′)) =
∑
k≥0
1
k!
‖Ψk‖2L2sym((R+ × J)k,C).
Denote by Σk the k-standard simplex in R
k
. Then, it is straightforward to hek that
∞⊕
k=0
L2sym((R+ × J)k,C) ≃
∞⊕
k=0
L2(Σk × Jk)
and
‖Ψ‖2Γs(L2(R+,H′)) =
∑
k≥0
‖Ψk‖2L2(Σk×Jk,C).
Let Pk be the set of k-element σ of R+ × J
σ = {(t1, i1), ..., (tk, ik)},
where ti 6= tj for all i 6= j. It is interesting to note that there is isomorphism from
Pk into Σk × Jk given by {(t1, i1), ..., (tk, ik)} 7−→ ((t1, t2, ..., tk), (i1, i2, ..., ik)) suh that
t1 < t2 < ... < tk. Hene, Pk inherits a measured spae struture of Σk × Jk.
Set P0 = {∅} for whih we assoiate the measure δ∅ and denote by dσ the measure
on P = ∪kPk. Let F be the assoiated σ-eld. Then, the Fok spae ΓS(L2(R+,H′)) is
the spae L2(P,F , dσ) and the elements of ΓS(L2(R+,H′)) are the measurable funtions
f ′s from P into C suh that
‖f‖2 =
∫
P
|f(σ)|2dσ <∞.
In the following, any element σ ∈ P is identied with a family (σi)1≤i≤N of subsets
of R+ suh that
σi = {s ∈ R+, (s, i) ∈ σ}.
In order to justify that Φ is the ontinuous version of the atom hain TΦ, we need
to desribe an important representation in the Fok spae Φ. For this purpose, we
introdue the urve family χit dened by
χit(σ) :=
{
1[0,t](s) if σ = {(s, i)}
0 elsewhere .
This family satises the following:
- χit ∈ Φ(0,t) = Γs(L2((0, t),H′)),
- χit − χis ∈ Φ(s,t) = Γs(L2((s, t),H′)) for all s, t suh that s ≤ t.
- χit and χ
j
s are orthogonal elements Φ for all i, j suh that i 6= j.
The above properties of the family χit allow us to dene the Ito integral in Φ. Consider
a family g = {git, t ≥ 0, i ∈ J} of elements in Φ whih satises the following:
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i) t 7→ ‖git‖ is measurable, for all i,
ii) git ∈ Φ(0,t) for all t,
iii)
∑
i∈J
∫∞
0
‖git‖2dt <∞.
Suh a family is alled an Ito integrable family. Then, if we onsider a partition {tj , j ∈
N} of R+ with diameter δ and if we denote by Pt the orthogonal projetion on Φ(0,t),
the Ito integral of g, I(g) =
∑
i∈J
∫∞
0
gitdχ
i
t, is the limit in Φ of∑
i∈J
∞∑
j=0
1
tj+1 − tj
∫ tj+1
tj
Ptjg
i
s ds⊗ (χitj+1 − χitj ),
when δ tends to 0.
Theorem 3.1 The Ito integral I(g) =
∑
i∈J
∫∞
0
gitdχ
i
t of an Ito integrable family g =
{git, t ≥ 0, i ∈ J} is the element of Φ, given by
I(g)(σ) =
{
gi∨σ(σ−) if ∨ σ ∈ σi
0 elsewhere ,
where ∨σ = sup{t ∈ R+ s.t there exists k whih satises (t, k) ∈ σ} and
σ− = σ \ (∨σ, i) if (∨σ, i) ∈ σ. Moreover, the following isometry formula holds
‖I(g)‖2 = ∥∥∑
i
∫ ∞
0
gitdχ
i
t
∥∥2 =∑
i
∫ ∞
0
‖git‖2dt.
Now, onsider a family f = (f i)i∈J of elements of L2(P1) = L2(R+×J). It is obvious
that {f i(t)Ω, t ∈ R+, i ∈ J} is an Ito integrable family with Ito integral is given by
I(f) =
∑
i∈J
∫ ∞
0
f i(t)Ωdχit
and we have
I(f)(σ) =
{
f i(s) if σ = {s}i
0 elsewhere .
In the same way, we dene the Ito integral of a family f ∈ L2(Pk) reursively as:
Ik(f) =
N∑
i1,...,ik=1
∫ ∞
0
∫ tk
0
...
∫ t2
0
fi1,...,ik(t1, ..., tk)Ω dχ
i1
t1 ... dχ
ik
tk
=
∫
Pk
f(σ)dχi1tt ...dχ
ik
tk
.
Moreover, we have
[Ik(f)](σ) =
{
fi1,...,ik(t1, ..., tk) if σ = {(t1, i1) ∪ ... ∪ (t1, ik)}
0 elsewhere .
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Finally, if f = (fk)k∈N ∈ L2(P), then I(f) is given by
f(∅)Ω +
∞∑
k=1
Ik(f).
The following theorem gives the haoti representation of an element f in Φ (f
[At1℄).
Theorem 3.2 Every element f of Φ has a unique haoti representation
f =
∫
P
f(σ)dχσ
whih satises the isometry formula
‖f‖2 =
∫
P
|f(σ)|2dχσ.
From the above theorem, the spae Φ is interpreted as the ontinuous version of the
spae TΦ, where the ountable orthonormal basis {XA, A ∈ PN∗,J} of TΦ is replaed
by the ontinuous orthonormal basis {dχσ, σ ∈ P} of Φ.
3.2 Continuous quantum noises
The symmetri Fok spae Φ = ΓS(L
2(R+,H) =
⊗
R+
H is the natural spae in whih we
dene the annihilation, reation and onservation operators, whih are alled ontinuous
quantum noises. These operators are merely onsidered as a soure of noise, whih ours
during the interation of a quantum system and an exterior system. They are dened
by
[a0i (t)f ](σ) =
∑
s∈σi, s≤t
f(σ \ {s}i),
[ai0(t)f ](σ) =
∫ t
0
f(σ ∪ {s}i) ds,
[aij(t)f ](σ) =
∑
s∈σj , s≤t
f(σ \ {s}j ∪ {s}i),
[a0i (t)f ](σ) = tf(σ).
A ommon domain of these operators is given by
D = {f ∈ Φ,
∫
P
|σ||f(σ)|dσ <∞}.
The oherent vetor e(f) of an element f ∈ L2(R+,H′) is dened by
[e(f)](σ) =
∏
i∈J
∏
s∈σi
fi(s).
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In [At2℄, it is proved that the ontinuous quantum noises satisfy the following relation
〈e(f), aij(t)e(g)〉 =
∫ t
0
f¯i(s)g(s) ds 〈e(f), e(g)〉,
where a00(t) = tI, h0(t) = 1, t ≥ 0 and h ∈ L2(R+, H′). We also have the following table
Ω dχit dχ
j
t , i 6= j
da0i (t) dχ
i
t 0 0
dai0(t) dtI 0 0
daij(t) 0 dχ
i
t 0
As a orollary of the above table, it is easy to show that the ations of the ontinuous
quantum noises daji (t), i, j ∈ J ∪{0} on the element of the orthonormal basis {dχσ, σ ∈
P} of Φ are similar to the ones of the disrete quantum noises on the elements of the
basis {XA, A ∈ PN∗,J} of TΦ. We then have
daij(t)dχσ = dχσ\{(t,i)}∪{(t,j)} 1(t,i)∈σ, for all i 6= 0, j 6= 0,
dai0(t)dχσ = dχσ\{(t,i)}dt1(t,i)∈σ,
da0j (t)dχσ = dχσ∪{(t,j)} 1(t,0)∈σ,
da00(t)dχσ = dχσdt1{(n,k)/∈A,∀k∈J}.
3.3 Quantum Langevin equation
The quantum Langevin equations or Hudson-Parthasarathy equations play an important
role in desribing the irreversible evolution of a quantum system in interation with an
exterior system. The ingredients of these equations are quantum noises, whih are
dened in the previous subsetion, and system operators, whih ontrol the interation
between the two physial systems.
Let H, Lij and S
i
j be bounded operators on a separable Hilbert spae H0 suh that
H = H∗ and (Sij)i,j is unitary. The sum
∑
k L
∗
kLk is assumed to be strongly onvergent
to a bounded operator. Suppose that the operators Lij satisfy
L00 = −(iH +
1
2
∑
k
L0∗k L
0
k),
L0j = Lj ,
Li0 = −
∑
k
L∗kS
k
i , (7)
Lji = S
j
i − δijI.
Then, we have the following theorem (f [M℄, [P℄).
Theorem 3.3 Suppose that the operators Lij are given by (7). Then there exists a
unique strongly ontinuous unitary proess Ut whih satises the following stohasti
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dierential equation
Ut = I +
∑
i,j
∫ t
0
LjiUsda
j
i (s).
4 The ontinuous limit
In this setion we state the main result, whih allows us to obtain the quantum Langevin
equations from disrete models. We further study the onvergene to a quantum Langevin
equation of the repeated quantum interation model, desribing a small system in in-
teration with an exterior system, whih is introdued in subsetion 2.2. Hene, we
establish the relation between the time sale h, given in (2), and the lassial low den-
sity limit.
4.1 Convergene to quantum Langevin equation
Consider a repeated quantum interation model of a small system HS in interation
with an atom hain
⊗
N∗
H, where {ei, i ∈ I ∪ {0}} is an orthonormal basis of the
Hilbert spae H. Let U = e−ihH be the unitary evolution desribing the small system in
interation with a single piee of the hain where H is the assoiated repeated quantum
interation Hamiltonian. Hene, the disrete evolution equation is given by the sequene
(Vk)k∈N in B(HS ⊗
⊗
N∗
H) whih satises{
Vk+1 = Uk+1Vk
V0 = I.
(8)
Let (U ij)i,j be the matrix of U with respet to the basis {ei, i ∈ I ∪ {0}}. Then, we
have the following result (f [AtP℄).
Theorem 4.1 Assume that there exist bounded operators Lji , i, j ∈ I ∪{0} on HS suh
that
lim
h→0
U ji (h)− δijI
hεij
= Lji ,
where εij = 1
2
(δi0 + δ0j). Assume that the quantum Langevin equation{
dV (t) =
∑
i,j L
j
iV (t)da
j
i (t)
V (0) = I
has a unique unitary solution (Vt)t≥0. Then for almost all t, the solution V[t/h] of (8)
onverges strongly to Vt, when h tends to 0.
4.2 Low density limit
All this subsetion is devoted to study the ontinuous limit of the small system in
interation with a heat bath whih is presented in subsetion 2.2. The main assumption,
11
aording to whih we suppose that the length of the time interation between the small
system and one piee of the heat bath is related to the hemial potential as follows
h2 = eβµ.
Therefore, it is lear that h tends to 0 if and only if the fugaity eβµ tends to 0, that is
the hemial potential µ onverges to −∞.
Now, we give an orthonormal basis of H˜ = B(Cn+1). Put
νk = 1− β1 − β2 − ...− βk, for all k ∈ {1, ..., n}.
Consider the family {X ij, i, j ∈ {0, 1, ..., n}} suh that
- X00 = I,
- X ij =
1√
βi
aij , for all i 6= j,
- Xkk = diag (λ
0
k, λ
1
k, ..., λ
k−1
k , λ
k
k, ..., λ
n
k),
where
λ01 = λ
2
1 = ... = λ
n
1 =
−√β1√
ν1
, λ11 =
√
ν1√
β1
, (9)
and for all k ∈ {2, ..., n}, we have
λ0k = λ
k+1
k = ... = λ
n
k =
−√βk√
νk−1
√
νk
, (10)
λkk =
√
νk√
νk−1
√
βk
, (11)
λ1k = λ
2
k = ... = λ
k−1
k = 0. (12)
Hene, it is straightforward to show that the family {X ij, i, j ∈ {0, 1, ..., n}} is an
orthonormal basis of H˜, equipped with the salar produt 〈A,B〉 = Tr(ρβA∗B).
Note that in [AtJ℄, the authors only need to give expliitly the elements X00 and X
i
j,
i 6= j, beause the vetors Xkk do not ontribute in the proof of their main theorem.
However, this is not the ase here, so we have omputed expliitly the elements Xkk
whih play an important role in the proof of our result.
As a onsequene of the relations (5) and (9)(12), we prove the following.
Lemma 4.2 The following hold:
β0λ
0
1 = O(h),
β0λ
0
i = o(h), for all i ≥ 2,
β1λ
1
1 = O(h),
βkλ
k
i = o(h), for all i ≥ 1, k ≥ 1 suh that (i, k) 6= (1, 1),
βkλ
k
i λ
k
j = o(h), for all i, j ≥ 1 suh that i 6= j,
βk(λ
k
i )
2 = o(h), for all i, k ≥ 1 suh that i 6= k,
lim
h→0
βk(λ
k
k)
2 = 1, for all k ≥ 1.
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In order to study the ontinuous limit of the disrete solution of equation (6), we
onsider the matrix representation (U˜ i,jk,l)i,j,k,l∈{0,1,...,n} of U˜ with respet to the basis
{X ij, i, j = 0, 1, ..., n}. Therefore, it is obvious that
U˜ i,jk,l = Tr eH(ρβ(X
k
l )
∗UX ij). (13)
In the sequel, we suppose that the matrix of the unitary operator e−iD, dened by
(3), with respet to the basis B, is given by
e−iD = (Skl )1≤l,k≤n.
Now, we prove the following.
Theorem 4.3 The solution V˜[t/h] of (6) onverges strongly, when h tends to 0, to the
unitary solution of the quantum Langevin equation
dV˜t = − i(HS + γ0I)V˜tdt
+
N∑
j,k=1
(Sjk − δjkI)V˜t
( n∑
i=1
dai,ji,k(t)
)
, (14)
with initial ondition V˜0 = I and where da
i,j
l,k(t), i, j, k, l = 0, 1, ..., n are the assoiated
quantum noises of the symmetri Fok spae Γs(L
2(R+, C
(n+1)2−1)) with respet to the
basis {X ij , i, j = 0, 1, ..., n}.
Proof From relation (13) we have
U˜0,00,0 = Tr eH(ρβU).
Hene, by using (4) we get
U˜0,00,0 = β0(I − ihHS + γ0hI) + β1(I − ihHS)
+ β2(I − ihHS) + ... + βn(I − ihHS) +O(h2).
This gives
U˜0,00,0 = I − ih(HS + β0γ0I) + o(h). (15)
Now, for all i, j ∈ {0, 1, ..., n} suh that (i, j) 6= (0, 0) and i 6= j, we have
U˜ i,j0,0 = Tr eH(ρβUX
i
j)
=
1√
βi
〈ei, ρβUej〉
=
√
βi〈ei, Uej〉.
Therefore, we distinguish the following two ases:
- If i = 0 or j = 0, then we have
U˜ i,00,0 = U˜
0,j
0,0 = 0. (16)
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- If i 6= 0 and j 6= 0, then we have
U˜ i,j0,0 =
{
O(h) if i = 1
o(h) if i 6= 1. (17)
In the same way, we prove that
U˜0,00,l = U˜
0,0
k,0 = 0, ∀k, l ∈ {1, ..., n}, (18)
and for all k, l ∈ {1, ..., n} suh that k 6= l, we get
U˜0,0k,l =
{
O(h) if k = 1
o(h) if k 6= 1. (19)
It is worthwhile to note that for all i 6= j, k 6= l and i, j, k, l ∈ {1, ..., n}, we have
U˜ i,jk,l = δik〈el, Uej〉,
from whih follows that
U˜ i,jk,l = 0, ∀i 6= k (20)
and
U˜ i,ji,l = 〈el, Uej〉 = Sjl +O(h). (21)
For all i ∈ {1, ..., n}, the oeient U˜ i,i0,0 is given by
U˜ i,i0,0 = Tr eH(ρβUX
i
i )
=
∑
j
βjλ
j
i 〈ej, Uej〉.
Note that from Lemma 4.2, we have the following
β0λ
0
1 = O(h), β1λ
1
1 = O(h),
β0λ
0
i = o(h), for all i ≥ 2,
βjλ
j
i = o(h), for all i ≥ 1, j ≥ 1 suh that (i, j) 6= (1, 1).
Hene, we obtain
U˜ i,i0,0 =
{
O(h) if i = 1
o(h) if i ≥ 2. (22)
Similar as a above, we show that
U˜0,0k,k =
{
O(h) if k = 1
o(h) if k ≥ 2. (23)
Now, for all i, k l ∈ {1, ..., n} suh that k 6= l, we have
U˜ i,ik,l = Tr eH(ρβ(X
k
l )
∗UX ii )
=
∑
j
βj√
βk
λji δkj〈el, Uej〉
=
√
βkλ
k
i 〈el, Uek〉.
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Note that
√
βk = o(h), ∀k ∈ {1, ..., n}. Therefore, we get
U˜ i,ik,l = o(h), ∀ i 6= k (24)
and
U˜ i,ii,l =
√
νk√
νk−1
Sil +O(h). (25)
In the same way, we prove that for all i, j, k ∈ {1, ..., n} suh that i 6= j, we have
U˜ i,jk,k = o(h), ∀i 6= k (26)
and
U˜ i,ji,i =
√
νk√
νk−1
Sji +O(h). (27)
Let i, k ∈ {1, ..., n}. We then have
U˜ i,ik,k = Tr eH(ρβX
k
kUX
i
i )
=
∑
j
βjλ
j
kλ
j
i 〈ej , Uej〉
=
N∑
j=1
βjλ
j
kλ
j
i (S
j
j − I) +
n∑
j=1
βjλ
j
kλ
j
i I + β0λ
0
kλ
0
i I + o(h).
Note that
〈X ii , Xkk 〉 =
n∑
j=0
βjλ
j
kλ
j
i = δik.
This implies that
U˜ i,ik,k = δikI +
N∑
j=1
βjλ
j
kλ
j
i (S
j
j − I) + o(h).
Thus, we obtain
U˜ i,ik,k = o(h), ∀ i 6= k (28)
and
U˜ i,ii,i = I + βi(λ
i
i)
2(Sii − I) + o(h). (29)
Now, in order to apply Theorem 4.1, we will ompute the following limits
s− lim
h→0
U˜ i,jk,l − δ(i,j),(k,l)I
hε
i,j
k,l
,
where ε0,00,0 = 1, ε
0,0
k,l = ε
i,j
0,0 = 1/2 and ε
i,j
k,l = 0.
Note that from equalities (16), (18) and (20), we have U˜ i,00,0 = U˜
0,j
0,0 = 0 for all
i, j ∈ {1, ..., n} and U˜ i,jk,l = 0 for all i, j, k, l ∈ {1, ..., n} suh that i 6= k. Moreover, the
equalities (17), (19), (22) and (23) imply that
lim
h→0
U˜0,0k,l√
h
= lim
h→0
U˜ i,j0,0√
h
= 0,
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∀i, j, k, l ∈ {1, ..., n}.
By using relations (21), (25) and (27,) we have
lim
h→0
U˜ i,ji,l = S
j
l ,
for all i, j, l ∈ {1, ..., n} suh that j 6= l. Furthermore, by taking into aount equalities
(24), (26) and (28), we get
lim
h→0
U˜ i,ik,l = lim
h→0
U˜ i,jk,l = lim
h→0
U˜ i,ik,k = 0,
∀i, j, k, l ∈ {1, ..., n} suh that i 6= k.
The equality (15) implies that
lim
h→0
U˜0,00,0 − I
h
= −i(HS + γ0I).
Finally, from (21) and (29), we have
lim
h→0
(U˜ i,ji,j − I) = Sjj − I, ∀i, j ∈ {1, ..., n}.
Hene, by using Theorem 4.1, the solution of equation (6) onverges strongly to the
unitary solution of the quantum stohasti dierential equation
dV˜t = −i(HS + γ0I) V˜tdt
+
n∑
j, k = 1
j 6= k
SjkV˜t
n∑
i=1
dai,ji,k(t)
+
n∑
j=1
(Sjj − I) V˜t
n∑
i=1
dai,ji,j(t)
= −i(HS + γ0I) V˜tdt
+
n∑
j,k
(Sjk − δj,kI)V˜t
n∑
i=1
dai,ji,k(t),
with initial ondition V˜0 = I. This ompletes the proof. 
Setting
dAjk(t) =
n∑
i=1
dai,ji,k(t), for all j, k ≥ 1, (30)
By the following proposition, we prove that the noises dened by (30) satisfy the usual
Hudson-Parthasarathy Ito table (f [HP℄).
Proposition 4.4 For all i, j ≥ 1 we have
dAjk(t)dA
m
l (t) = δjldA
m
k (t).
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Proof We have
dAjk(t)dA
m
l (t) =
( n∑
i=1
dai,ji,k(t)
)( n∑
i=1
dai,mi,l (t)
)
=
n∑
i1,i2=1
dai1,ji1,k(t)da
i2,m
i2,l
(t)
=
n∑
i1,i2=1
δ(i1,j),(i2,l)da
i2,m
i1,k
(t)
= δjl
n∑
i=1
dai,mi,k (t)
= δjldA
m
k (t).

Therefore, from the above proposition the quantum noises dAjk(t) satisfy the well-
known Ito formula. Moreover, the equation (14) an be identied to a quantum Langevin
equation dened on a Fok spae with multipliity n2. Hene, on the Fok spae HS ⊗
Γs(L
2(R+,C
n2)), this equation is written in terms of quantum noises dAjk(t), i, j ≥ 1 as
dV˜t = −i(HS + γ0I) V˜tdt
+
n∑
j,k
(Sjk − δjkI)V˜tdAjk(t).
It is worth notiing that in [AtJ℄, the repeated quantum interation Hamiltonian
studied by the authors is omposed of a free part and a dipole Hamiltonian interation
with time sale
√
h. They prove that, in the ontinuous limit, we get a quantum diusion
equation, where new noises appear, alled the thermal noises. Moreover, these noises
satisfy a speied ommutation relation, whih depends on the temperature β. In our
paper, after taking the ontinuous limit of the repeated quantum interation model with
time sale h, we obtain a quantum Langevin equation direted by Poisson proesses.
Furthermore, the noises, whih appear in this equation, have the same properties as the
anonial ontinuous quantum noises.
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